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Mixed Path Ground Wave Propagation:
1. Short Distances
James R, Wait

An cxpreagion iz derived for the mutual impedance betwaen two ahort vertical Antennas
on o et earth wich & straight boundory separaring two media of difering elesarical constana,
Alar making some approximations that are valid at low snd mediom frequancles and whera
the anteonas are not near the boundary, the integral formuls for tha field is evaluated for a
wide range of the paremeters. The numerical results computed in this paper are ghown to b
in reasonably good agreement with experiment. Finally, tha effeet of the obligqueness of the
boundary ja congldared by a rofincinent of Lthe stalonary phase evaluation of the intigrals,

1. Intraduction

Cotsiderable interest has been ahown vecently in the propagation of groend waves over an
inhomogeneous conducting ekrth. For many puerposes, sech as estimating coverage of broad.
caat tranemitters, it is usually sofficient to sssizgn an equivalent conduetivity to the path. A
simple and effective method for estimating this equivalent value from a conductivity profile of
the path has recently been proposed by Sude [1]'  Another technique described by Kjrke [2],
which is similar, baa been enlled the equivalent-distance method and is alse simple to apply.
The beat known method, however, is due to Millington [3].  Although semiempirical it does
appesr to be valid for a wide range of frequencies and ground constants. It also predicts the
recovery offect that occurs when the wave pusses over & boundary from an ares of poor
conductivity to one of good conductivity. Millington doea not provide & theoretical justification
for his method, although he decs indicate that his formulas for high fraquenciea are compatihte
with the expected bobavior of the height-gain functioos over the medie on both sides of the
boundary. lemmmow [4]in an elegant dissertation obtoine & rigorous selution for o line source
on flat earth parellel to a boundary seperating two medin. He makes a limited comparison of
hiz formula with Milington's method, and shows that the agreetnent is good, In o more
recent theoreticel approach to the subject, Bremmer [5) formulates the problem in terms of an
integral equetion, which he golves by operational metheds,  After considerable manipuolation he
succeeds in showing that his resull is maibematically equivalent te that of Clemmow,
Bremmer considers several limiting cases and aleo establishee the validity of Millinpton's
formulas at high Irequenciea.

It iz tha purpose of the present paper to extand Bremmer’s result, with particular attention
boing paid to the phenomenn 8t low and medinm rediofrequencies whera it does not seem
pozsible to obigin convenicnt =eries expunszions for the field by the Brommer method. For
the sake of completeness, the problem is reformulated in terms of mutual impedance botwean
two antennas located on a8 fBat earth, with & straight boundary separating two homogencous
media.  In this easa there is no doubt as to whether the reciprocity theoram is astisfied or not.
The Mne joining the two antennas makes some angle with the houndary that should nat be
near zore.  An integral aquation 15 obtained for the field which is aimalar to one formulated
by Feinberg [6] for propagation over a rough ground. In the present waper, the integral
equation is solved by nuroerical means for & range of parareters that are appropriate loc short
distanees at low and medium frequenciea. Tt is intended to extend the ealeulstions in & later
paper to situations where the earth’s eurvaturs must be considered; that is, for distances in
mitles greater than about 500, where X 15 the wavelength in metera.

! Fizgtires in brackata Indlcabe fhe literatups réfrendes b the and of this faper.
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2, Formulation

The surface of the earth is conmidered to be fat and defined by 2=0 i & simple cartesian
coordinate systemn {zy.2}. Pointa above the earth correspond to positive values of 2. The
earth medium to the left of & boundary line defined by y=xz tan ¢, as indicated in figurs 1, has
a conductivity ¢ and dielectric constant . The earth medium for points to the right of the
boundary line has a conductivity of ¢; and dielectcie conatant &. Short hertzian dipole antennas
are located at the poinie A and B, which can be located nnywhera along the x axis just abave
the surfeec of the ground ot z==10.

Tt is now assumed that a corrent I applied at the terminala of antenna A would produee
electric and megnetic fields E, and H, for the case when the earth media were homogeneous
with electrical constants ¢ and e A tine factor explisd) s implied. The mutusl impedance
between antennaa A and B for thie homnopgeneous cese is denoted sa Z,y. When the eartl: becormes
inhomogeneous in the manner described above, the fields of antenna A with the same current
I, become E: and Y, snd the mutual impedance becomes Z4,. It is convenient to regard the
chenga Ifrom Zas to 2oy a5 & consaquence of the changes of the currents within the sarth when
it i6 transformed from a homogeneous to an inhomogenaons state. These currents will resuls
in electric and magnetic fields £i—E, and Hi—H. and a voltage J.{(Z.— Z7) at the terminals
of anteona B. A current [, is now considered_to be applied at terminals of anteonz B, and
the resulting electric and magnetic fields are &), and &, over the homogeneous carth of con-
stants ¢ nod e Tt then follows from Ballentine's “eorollary I of the electromagnetic reei-
procity theorem [7,8] that

Zi—Zo=| IbJ j LBy} Hy— Eyx H). de dy, il
where the intagration extends over the whole ground plene 5, aod the subzeript = indicakes
that the £ or normsl component of vegtor products is taken.

A simplification iz now made by introducing the concept of surface impedance [6,5], that
ia, the tangential electric and magnetic fields on the surface of the earth are sssumed to be
related by & complex constant of proportionslity. More specificelly,

Hasenily (2
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where v, the surface impedonee, iz gazsumed to be equal io the value obtained for & plene ware
at grazing incidence on the flat certh. Tt 13 given by

q:l?ﬂr%al:l +% Hr (3}

whore f=2wfwavelength, snd o= (lopw—epa® ¥, with p=4x% 107", A subseript 1 is to be
added to v when the electric constants are o) and .
Equation {1} een now be written

LuaZ=t—w [ [, FooHiodedy, @

where AZ=27,,— 7_, is the change of the Inutual impedance from the situation of the homo-
geneous earth of surface impedance 4 to the inhomogeneous mode! indicated in figure 1. The
quantity I, is the tangential mapnetic field of the antenna B over the homogeneous earth,

and #H,, is the tongentinl magnetic flield of the nntenua A over the inhonopeneous earth.




Flauee 1. Schematic diagram of anlennas A gnd B orn ¢ ol cardh with & strosght bound-
ary aeparaiing dog nredia with different ronduretisiliee,

L}
The intepration now extends over the surface Sy to lthe right of the boundary line. Since
H: is not actually known, eq {4) is actuslly & surface integral equation formulation of the
problem. Before sttempting to solve it, 2 simplification can be made if the principle of sta-
{iomary phage iz utilized.
Letting the hertzian antenna at B have an effective height &, the tangentisl magnetic
field at F, a distance » from B, considering the earth as homogeneous and flat, ia given by

H,=¥00 o (14 ) iy, PEXD) )
where F{r,s} is Sommerfeld’s ground-wave attenustion factor defined by
Fir, mj=1 —iz;:%“rﬁ:nu = da, )
whera
=+ (1+ i (ﬁ)’

i6 the numerical distance. Eguation (6} is not cxact, heing an approximation walid for
#|ef®. %, and ¢, are unit vectors in the directions of increasing r and 2, respectively. The
function Firx) has been treated numerically by Norten [9) and others.  The tanpentinl mag-

netic field H: at a distance B from A is of the form

o= B2 o0 (1 b g} PR X0, Q)

where F'(Rnm) is some function of R, 4, and #;, and can be expected to be elowly varying
compared to e~ {p 13 8 unit veclor in the direction of increasing F.




Using eq (5) and (7) and denoting the anple betwesn the vectorn i, and iy as B it follows thot
the expression for the mutusal increment AZ ean he written

aZ=—{n—m} Fhls If i wm( +iﬁr)(l+ ﬂH)F[r,:r]IXI‘"{r,mm} cos dady, (3}

where
r={rot-2)+y]4 and

R—((Re—zp+y7).

The major contribution to the integrand occurs when the phase of the exponential term is
nearly constant, since the others are relatively slowly varving. With this in mind, the
exponent is expanded in & powers series in 3 as follows:

r Rerot Bot i [(r?‘r (s ) Jtor Be>a0

and

i ‘[—Rl"‘?'u—Rn—l'f-}Z"‘%ﬂ [(

) for e B ©)
where terms in ', 47, ete., ara neglected. A further approximation to the integrand in eq (8}
is to replace (14 1/igr) and {14 1/48K) by unity. This will be justified if the antenna A or B
i8 not near the boundery {i. e, 2R, and fAro1). This is essentially equivalent to stating
that the effect of the induction field of the antennas is not eonsidered so far as the boundary
is concerned.

The integral expression for AZ now has the following approximate form:

(e B b e U PR Fipgb, ) By—2,9,0) i}
Al= {2w)? f"'ﬂ+Ru}* J. Ty — ! ){U T dy | dx, f10)

ﬂ Botra
o= [{?‘n+x WHs—=2)]

where

The integration over » only extends from @ to By, becanse the coniribution frem the integrand
for 17> Hy is negligible due to the presence of the rapidly varying function =%,

3. Numerical Solution

The mmtuzl impedance Z between the two short antennas A and B for the homogeneous
ground of electrical conatants o and e is given by

Mn‘i-,uw Pl 1 Y L 1 _ 1 ]
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It is now conveniont to express the mutual impedance Z7 botween the antennas on the inhomeo-
ganeous ground &= follows:

{11}
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where F' i3 the unknown attenuation funciion. Tle latter bracketed term can be replaced hy
unity because S{r+ o) is large compared to 1. Employing eq (103, {t1) and {12), it follows
that

Fr+ Banmis Ot Bu~iantr—n) () [ TREBmlbmtunds. gy

This is an integral aquation for F'. It is immediately apparent when z<0 such that A and B
are to the left of the boundary

F’{Tﬂ_l_ Rﬂr#:ql]EF{rﬂ_‘_Rﬁ:l‘ﬂ'

In other words, subject to our statlonary plhase approximation, the attenuetion funcion F°
betwesn A snd B, when they are located on obe side of the boundary, is charecteristic only of
the electrical constants « and e of the homopeneous ground between them. For exactly the
sams reason, the function F(re42, %2, where it oceurs in the integrand of equation, for the
genaral case of 70, can be replaced by F{rs+4%,m), which is characteristic of propagation
from A to the point (=0} over & homoganaous ground of elactrical constants # and .

After A change of viriable, the Anal expression for F* can be written in dimensionlees fortm
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The above expression for £ iz then given in terma of the attenuation fanciion F{p,), charac-
teristic of propagetion between A and B on & homogeneous ground, and a correction term that
aeeounts for the change of the elactrical constants of the ground to the right of the boundary.
It should he noted that p, is the “numerieal distanca™ between A and B with regard to the earth
medivm to the left of the boundary, whoreas 5, VK 18 the numerical distanes betaeen the
boundary to the point & with regard to thoe earth medivm to the dght of the boundary, Tn-
fortunately this expression, which involves an integration over products of error functions, i3
not readily expressible in ¢losed form. However, the integral can be spproximated in eariain
himiting cases. For example, when g{1—T) and py /K are small compared to 1, the powar
series expansion for the functions Fi{p) and F{p,—HKp} can be employed. This has the form

Fipy=1—iGrpM—2p+iyapht ----onee - (15)
It then follows without difficulty that

Ffm+m(ﬂ9) (l—— mn—i(-l_—"’v)_gp,(l—m}& (—T=N+(g) } uo

1 For large d1atnmecs, the fuoctlpn F mont ks mgdifiad roacesant for gagth eurveiurs,  This will he gemgldered Inosncdom 3,
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plus terms in g, pd, ete. Another special cose is when pg is large compared to 1, so that only
the leading term in the sasymptotic expansion of Fip,—Kp) need be sonsidered ; and furthermore,
V¥ i3 pasumed to he small compared to unity. In this instance

Fipo—Kp) 1 _ .1
(p—KpP 2p—EpF  ZpH

The power series formuls for F{p) is then employed, yielding, nftar integrating tarm by term:

¥ _ * ‘Il; | =
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where p=m VK.

There sre probably other limiting cases which will enable the integration with respect
ic p to ba effecied; howavar, it is believed that for application te low and medinm radiofre-
quensies the values of p, are in genersl neither large nor small compered to ona.  With this
in mind, it is considered desirable to evaluate ' by a numerical integration for s range of
, V,and K, It should be noted that, for the general case, g, and K are complex so thera are
actually five parametors to cousider for the two-medin problem. In this peper, aitention
will be restricted to frequencics where the displacement curcents in the ground can be neglected.
Thal is, the ratios ewfr and gu/e, are assumad o be smell compared to unity, therefore
=al{Hy+ 7} 2] (i) Bnd E{=we /o) ure real quantities. This 15 usnally justified fer frequen-
cies less than 1,000 ke for typical ground constants [101.

Employing the numertcal values of the fuaction Mg} and F{p,—XKp). the integral in eq
{14) iz evaluated by a graphical method, The function F{pg, V,K) is then plotted'as s fune-
tion of gy from 0.1 to 5 for various values of K and Vin figures 2 to 11, It is believed that
the results plotted in this form can be adapted to & large number of practical situstions. The
curves are not shown beyond p,=>35, since this usually corvesponds te higher frequencies where
displacement cwTents ere nonnegligible,

It i3 of considerable interest ot this stage to compare these numeriral results with those
computed using Millington's method [3]. His empirical formula for 7(p, VA in the nota-
tion of the present paper would read

: _ . Fladl I FmVIE Y
P, V.50~ Feow B 2 =PI ) (18)
Values computed from this formula for the cases A=2 end K== nre indieated by O and
@, respoctively, on figures 2 to 11, The sgreement iz quite reszoneble, and therefora further
support iz piven to the validity of the Millington method, which has heen koown to prediet
correctly, withm 1 db or so, the attenustion over certain mixed paths, It i= believed, however,
that diferences are not of sufficiently small order to be neplected if fsirly precizse values of the
fields in ampiitude and phase are required.
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4. An Application

To illuetrate the appheation of these parameatric curves, the field strangth in millivolts per
meter ia shown plotted in fipure 12 as & function of the distance (=48} in miles for five
different mixed paths. The curves are normalized so thet the field srength at 1 mile is
100 mv/m. Experimental values supplied by P. A, Field are aleo indicated. The curvea
caleulated by the Millington method are also shown in fisure 12. The conductivitizs on the
near and far sides of the houndary are indicatad on the figures snd are expressed in millimhos
per meter. The agresment between the computed and experimental reaults iz quite good.
For these short distances the eurves caleulated by the Millington methiod fell slightly belaw
the curves computed from the integral formuls. In view of the vncertainty in the axact
physieal features of the ground, the difference between the twe methads of ealeulation hardly
seoms significant for theze situations. It is interesting, however, be nots that the Millington
method in four cut of five eases underestimates the recovery effect to & greater degree than the
integrel method. The datted curves in figurs 12 correapond to the casc where the ground is
homogeneous throughout, and hes the eonductivity of the earth on the transmitter side of the
boundary. The difference between the solid und dotted curves iz a measure of the recovery
effect, and it is apparent that the theory indicates o gradusl transition at the boundsry and
does not show any sudden or teansient features at the boundary. It would seem from the
axperimentsl resulis that there i3 actuslly some type of disturbance at the houndary betwean
tha two media which is not predicted by the theory. It i3 believed that a more rigorous
cvaluation of the integral equation is nacessary t0 describe the nature of the field near the
boundary.

5. The Refraction Effact

Although this problem was formnulated for the mutual inpedance between antennas A and
B on sither side of an obligue houndary, the consequent path of stationary phase did not depend
on tha inclingtion angle 8. In other words, any refraction effects were neglected. It is the
purpose of this section o revise the stationary phase evaluation of the integrel to account
for the chenges of phase valoeity between the two medie. 1i is admitted that the procedure
is not rigorous and iz besed on certain physieal ideas thai have their roots in geometrical optics.

With regard to figura 1, the direct ray AOB betwaan the antennes would represent the path
of stationary phase if refraction effects were neglacied. Of course, if the boundary was at a

13



right angla to AQB (. e., =90, it would be rigorously jusiificd to assume AOB waa the path
of the stationary phesc. It can be expecied, however, that for the obligue boundery the
path of stationary phaze would be along u line APB, where I* was displaced along the boundary
fromm O by an amouwnt g.  Furthermore, it can be anticipated that 9 would be small compared
to ry and K. The location of the point P can be best ohiained by regarding ¢ as a variable
quantity in order t0 find when the total phage slong APB is stationary or when it is & minimum,
This iz essentially a statement of Fermat's principle in oplics. The difference between the
phaze along the paths AOB and APPB i= now considered to be due to two factors: (1) the actual
mereaze of path length, and (Z) the change of the ratios of the path lengths for the two respec-
tive media. For example, if the left-hand medium & more poorly conduecting than the right-
hand medium {i. e., X =1}, the phase velocity is relatively less to the left of the boundary, so
that AP is less than AQ.  More explicitly, the total phase ¢ over the path APB can be written

B(Q)=AH+ B+ o0V, Kb {19)
where
P =03t §—2reg cos 8]

;i'n: [Ri¢*+2Roqens B]%
__ B . WF+RY¢ 1y,
P ()

The funetion -ﬁ{‘i},ﬁ,fh.} in the above expreszion ia taken to be of the same form as the funetion
#{V K, ps) previously computed. The general scheme is then to vary g to find whers &(g)
ia stationary. For the present purpose, however, it is convenient to make some further
approximationzs utilizing the fact that ¢ is small. The phaze funetion then becomes

s@pert Bo[ 14352 (1) b o Tre® 1, 30, (20)

where
L2 V—l%. gos f, d=#+Hy

and

?*“—P‘[”mw(d) = V}]—P*

The terma containing higher powers in (g/d} have been neglected and, in fact, in the axpression
for po, the term containing (g/d)? can be alse dropped, since ¢'(V,K,po) is o relatively slowly
varying funetion of p;. It iz now convenienl to exprese #' (V) as & Taylor expension, ns follows:

e N gopad :#{V} g cos B fﬁr’{?}
HVI=¢{Vi+ — +Rn|: e l"+ g [ e ] (21)

Because ¢ is small compared to ry-+ R, only the first term or two of the expansion are significant.
The phase function now becomes

Blg)yBlret Bk (V, K, p— L0 av4 305 - (D), ©2)

where 4(V)=—d¢{V)/dV it essentially a positive guantity. The right-hand side of the
equation ia a guedratic in ¢ and has a minimam or stationary value whan

i oos 831 T{1—T)
ad 7 2 ain® f wirg Ry 28)



This value of g, namely, g, which makes #(g) stationary, is then a measure of tha davistion of
the direction of the phase of the ground weve ag it crosses tha boundary. The appropriste
vaiues of (V) can he obtained dircctly from the parametric curves of ¢'(n, V. K}, Actually,
it is a littla more meaningiul io conzider the nogles § and &, which ara the angles OBF and OAF
in figure 1. Theee con be called bearbig errors, as they are & ineasars of the change of direction
of tha phase front relative to & direct unimpeded wave between A and B.  In tarms of g, the
bearng errors, expressed in degrees, are given by
T 1 . 150

PRI

and
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Employing typical velues of the parameters and letting K= =  values of 4 end &, werc com-
puted and are:
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It might seem surprising at first glance that these valuss are 80 small. This is as should
be expected, however, bacause the ahsolute phase velocities of the ground wave over the two
medis differ only by a fraction of one percent [10]. It is noted thai the beanng errors are
largest when the antcnnz iz near the boundary, and where the separation between antennas
A and B i3 50 wavclengths or less. Of course, 2a the obliqueness of the boundary becomes
mare noticeable (1. e., #<7457) the enleulatad values of § end § would be lerper. One should
be cauticus, however, in attempting to apply this method to the case where the boundery
makez a small angla with the line AB between the antennas.  In such an instance the approxi-
rnation uzed in svaluating the besic integral by a statiohary phess principls becomes invalid.

6. Conclusion

The results obtained in this paper provide & theorstical cheek of the Millinpton semi-
empirical method of ealeulating the amplitude and phase of » wave crossing a boundary sepa-
rating two media. The parametric curves presented here should be convenient for making
predictions for propagation along o two-tmedis path at low and medium frequencies. It is
also indicated that the refraction affects for & wave crossing the boundary obliquely are very

amall,

I record my thanks to Loris Perry, who carried out most of the computations.
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